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X-ray scattering from a plane parallel slab using radiation transfer considerations∗
Stanislav Stoupin†
Cornell High Energy Synchrotron Source, Cornell University, Ithaca, NY 14853, USA
X-ray scattering power of a plane parallel homogeneous slab of material is derived using radiation intensity
transfer equations. The scattering power scales with the ratio of the scattering coefficient of interest to the total
attenuation coefficient. The results can be used to guide the choice of slab thickness, scattering geometry and
photon energy to maximize scattering power in both elastic and inelastic X-ray scattering experiments.
I. INTRODUCTION
The optimal choice of photon energy and sample thickness
in X-ray scattering experiments deserves clarifications based
on clear understanding of radiation transfer in specimens of
finite thickness. The well-known practical requirement (”rule
of thumb”) for optimization of scattered intensity in transmis-
sion through a sample states that the optimal sample thick-
ness should be approximately equal to the radiation attenua-
tion length Λ:
Topt ≃ γ0/µ, (1)
where µ = 1/Λ is the total attenuation coefficient [11] and γ0
is the direction cosine for the X-ray beam incident on the sam-
ple (the angle between the wavevector of the incident beam
and the inward normal to the sample surface). Intuitively it is
clear that to maximize scattering in reflection from the sample
its thickness should be T >∼ Topt. The basic sample geometry
is that of the infinite parallel slab of material as shown in Fig.1.
The direction cosine of the incident beam γ0 = cosα and the
direction cosine of the scattered beam is γs = cos (α+ θ),
where α is the incidence angle and θ is the scattering angle.
By definition, γ0 > 0, γs > 0 for the transmission geometry
and γs < 0 for the reflection geometry.
Some textbooks provide additional relevant details [1–3].
For example, [2] includes expressions for the scattering power
n
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FIG. 1: Scattering from the parallel slab in transmission geometry
(a) and in reflection geometry (b).
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(fraction of photons scattered) from a parallel slab in the sym-
metric (γ0 = |γs|)) transmission and reflection geometries. A
general recipe for the calculation of the absorption correction
(here termed as attenuation correction) is given by Interna-
tional Tables for Crystallography [4].
A =
1
V
∫
exp (−µΓ)dV , (2)
where the integral is taken over the sample volume V exposed
to X-rays and Γ is the path length of the X-ray beam in the
sample (the sum of the path lengths for the penetrating inci-
dent beam and the scattered beam). Several expressions for
special cases of the parallel slab geometry are tabulated [4].
Meanwhile, the absorption correction for the parallel slab in
case of arbitrary angle of incidence and arbitrary scattering
angle can be readily derived using Eq. (2) (e.g., [1]).
In this work it is shown that consideration of intensity radi-
ation transfer (Darwin-Hamilton equations) in the plane par-
allel slab while neglecting effects of multiple scattering leads
to the same expressions as the ones derived using Eq. (2). The
solutions are expressed as functions of the momentum trans-
fer for X-rays. The dependence of the scattering power on
the momentum transfer due to the parallel slab geometry is
analyzed and illustrated. Finally, energy dependence of the
leading term, the scattering-attenuation contrast (the ratio of
the scattering coefficient of interest σ to the attenuation coef-
ficient) is illustrated assuming isotropic (average) cross sec-
tions, which can guide the choice of optimal photon energy.
While the choice of photon energy and the slab thickness can
maximize the contrast and thus optimize the scattering power,
the contrast has to remain small (σ0/µ≪ 1) to avoid multiple
scattering effects.
II. ATTENUATION CORRECTION
The path of the X-ray beam in the parallel slab is
Γ =
{
z
γ0
+ (T−z)γs , transmission (γs > 0)
z
γ0
− zγs , reflection (γs < 0),
(3)
where T is the slab thickness and z is the variable depth at
which scattering event occurs. For the photon energies of
practical importance in X-ray scattering experiments (e.g.,
E <∼ 100 keV) the non-negligible attenuation processes are
photoabsorption, elastic (Rayleigh) and inelastic (Compton)
scattering. A general case of scattering can be considered
2where the scattered photon can loose a fraction of its en-
ergy (i.e., inelastic scattering). The scattered beam of interest,
propagating in a direction defined by γs will encounter atten-
uation coefficient µs(Es), which can be different from that of
the incident beam µ0(E0). Using Eqs. 2 and 3 for the parallel
slab one can readily obtain for the scattering power:
s = σ0
T
γ0
A
=


σ0
µsb−µ0
e−µ0T/γ0
[
1− e−(µsb−µ0)T/γ0
]
, γs > 0,
σ0
µ0−µsb
[
1− e−(µ0−µsb)T/γ0
]
, γs < 0,
(4)
where b = γ0/γs is the asymmetry ratio of the scattering ge-
ometry and σ0 = σ
s
0(E0) is the scattering coefficient (per unit
thickness, similarly to µ) of the incident beam with photon
energy E0 into the scattering channel with photon energy Es.
The attenuation correction does not take into account ef-
fects of multiple scattering, which can be split into two cat-
egories. If the slab is a single crystal in the Bragg diffrac-
tion condition (elastic scattering), multiply scattered photons
can add up coherently such that the resulting scattering di-
rection is well defined (to the extent defined by the diver-
gence/bandwidth of the incident beam and the perfection of
the crystal structure). A detector placed to capture photons
scattered in this direction will probe the corresponding mo-
mentum transfer. On the other hand, for any slab of material
the other type of multiple scattering exists where the photons
traversing the slab exhibit a few different momentum trans-
fers (two as the strongest contribution) prior to arriving at
the detector. For these photons the directional placement of
the detector does not correspond to a particular momentum
transfer. Therefore, multiple scattering of this second type
should be avoided in X-ray scattering experiments as long
as resolving the momentum transfer remains of primary in-
terest. Dedicated studies show that such multiple scattering
(both elastic and inelastic) is non-negligible at photon ener-
gies ofE >∼ 30 keV for materials of low atomic numbers (e.g.,
[5, 6]).
III. SIMPLIFIED RADIATION TRANSFER EQUATIONS
AND THEIR SOLUTIONS
Darwin-Hamilton equations [7–9] describe radiation in-
tensity transfer in X-ray diffraction from a mosaic crystal.
In the Bragg diffraction condition where multiple scattering
of the first type is expected to be the dominant scattering
mechanism, the contribution of the second type of multiple-
scattering is neglected. The notion of a crystal structure is spe-
cific to the formulation of the scattering coefficient σ. There-
fore, assuming that the second type of multiple scattering is
avoided and that wave mixing/interference effects are negligi-
ble the Darwin-Hamilton equations can be generalized to de-
scribe radiation transfer in X-ray scattering experiments. The
generalized equations are:
dI0(E0)
dt
= −µ(E0)
γ0
I0(E0) +
σ0s(Es)
|γs| Is(Es), (5)
dIs(Es)
dt
= −µ(Es)
γs
Is(Es)± σ
s
0(E0)
γ0
I0(E0), (6)
where I0 and Is are the intensities of the incident and scat-
tered beams respectively, t is the coordinate along the inward
normal to the slab surface, γ0 and γs are the direction cosines
for the transmitted and scattered beams respectively. The up-
per sign corresponds to the beam scattered in transmission
through the slab and the lower sign corresponds to the beam
scattered in the reflection geometry.
Unlike the original Darwin-Hamilton equations, which de-
scribe the elastic process, scattering can occur at a different
photon energyEs (i.e., inelastic scattering process). The scat-
tering coefficient of interest is σs0(E0) corresponds to scat-
tering of the primary beam with photon energy E0 into the
scattering channel with a photon energy Es. Similarly, re-
scattering of the scattered beam back into the primary beam is
described with σ0s (Es). In general, µ, σ and Is are functions
of the direction of propagation, which is omitted from the no-
tation for brevity. Aside from the case of Bragg diffraction
in crystalline samples a common situation in X-ray scattering
experiments is Is << I0, while the scattering power of inter-
est is relatively weak σs0 ≈ σ0s << µ. In these conditions,
the last term in Eq. 5,
σ0s(Es)
|γs|
Is(Es) is a second order quan-
tity (aside from cases of extreme grazing emergence |γs| ≃ 0
not considered here). In other words, an assumption is made
that the multiple scattering of the first type is small. The first
equation resolves as the well known Beer-Lambert law
I0(E0) = I
0
0 exp
[− µ(E0)t/γ0], (7)
where I00 is the intensity of the incident beam at the entrance
surface. Thus the radiation transfer equations become decou-
pled. Upon substitution of Eq. (7) the equation for the scat-
tered intensity is
dIs
dt
= −µs
γs
Is ± σ0I
0
0
γ0
exp(−µ0t/γ0). (8)
Here, for brevity Is = Is(Es), σ0 = σ
s
0(E0), µs = µ(Es)
and µ0 = µ(E0).
Equation (8) can be easily solved analytically using ap-
propriate boundary conditions. For the transmission case
Is|t=0 = 0 and the scattering power s = Is|t=T /I00 is found
for the slab of thickness T . For the reflection case Is|t=T = 0
and the scattering power s = Is|t=0/I00 is found at the en-
trance surface. It is easy to see that the resulting expressions
are the same as those derived in the previous section (Eq. (4)).
IV. ANALYSIS OF SOLUTIONS, SPECIAL CASES
A. Transmission geometry
In the transmission geometry an optimal thickness exists
where the scattered intensity attains its maximum value. The
3optimal thickness and the scattering power for this thickness
are
Topt =
γ0 ln[bµs/µ0]
µsb− µ0 , (9)
sopt =
σ0
bµs
exp
[
− µ0 ln[bµs/µ0]
µsb− µ0
]
. (10)
For experiments where the elastically scattered component
is detected (e.g., small angle or wide angle X-ray scattering
(SAXS/WAXS)) the above expressions can be simplified by
letting µ0 = µs = µ. Also, the subscript is omitted in the
notation for the scattering coefficient σ0 = σ. The scattering
power is
s =
σ
(b − 1)µe
−µT/γ0
[
1− e−µ(b−1)T/γ0
]
. (11)
Eqs. 9 and 10 are reduced to:
Topt =
γ0 ln b
(b− 1)µ, (12)
sopt =
σ
bµ
exp
[
− ln b
b− 1
]
. (13)
These simplified expressions (Eqs. 11, 12 and 13) are also
valid for nonresonant inelastic experiments, where µ(E) is a
smooth function and the scattered intensity is measured selec-
tively using an energy discriminating detector (including use
of a crystal analyzer) at a reasonably small energy offset, such
that µs ≃ µ0 = µ. For the symmetric scattering geometry
(b = 1), and in the regime of small angle scattering (γ0 ≃ γs)
Eqs. 11, 12 and 13 are reduced to the well known expressions:
s =
σT
γ0
e−µT/γ0 , (14)
Topt =
γ0
µ
, (15)
sopt =
σ
µ
e−1. (16)
B. Reflection geometry
For the elastic and nonresonant inelastic experiments as de-
scribed in the previous subsection (µ0 = µs = µ, σ0 = σ):
s =
σ
(1− b)µ
[
1− e−µ(1−b)T/γ0
]
, (17)
which is reduced to
s =
σ
2µ
[
1− e−2µT/γ0
]
, (18)
for the symmetric scattering geometry (b = −1). From
Eqs. (14) and (18) it follows that in the case of small atten-
uation µT/γ0 ≪ 1 the scattering power is s ≃ σTγ0 , i. e.
proportional to the effective slab thickness T/γ0 in both trans-
mission and reflection cases. Otherwise, it is proportional to
the ratio σ/µ, which will be further referred to as scattering-
attenuation contrast.
V. DEPENDENCE ON THEMOMENTUM TRANSFER
FOR X-RAYS
For X-rays the scattering angle θ is conveniently related to
the modulus of momentum transfer Q = 2k0 sin(θ/2). The
change in the modulus of the wavevector k0 upon scattering
is either zero (elastic scattering) or very small (quasielastic
scattering). Assuming normal incidence of X-rays (γ0=1) the
exit angle for the scattered beam with respect to the normal
becomes equal to the scattering angle. The direction cosine of
the scattered beam is
γs = 1− 2q2, (19)
where q = Q2k0 = sin(θ/2) is the reduced momentum trans-
fer. In the transmission geometry 0 ≤ q < 1.0/√2. The
solution for the scattering power Eqs. (11) can be expressed
as a function of the reduced momentum transfer.
s(q) =
σ(q)
µ(q)
e−µ(q)T
f(q)
[
1− e−µ(q)Tf(q)
]
, (20)
where
f(q) =
2q2
1− 2q2 (21)
In the reflection geometry (1/
√
2 < q ≤ 1) the dependence
on the momentum transfer can be derived similarly. Assuming
normal incidence γ0 = 1 and using Eq. (19), Eq.(17) can be
written as
s(q) =
σ(q)
µ(q)
1
f(q)
[
eµ(q)Tf(q) − 1
]
(22)
The leading term in the expressions for the scattering power
is the scattering-attenuation contrast σ/µ. The scattering ge-
ometry defines the measured direction-dependent fraction of
the scattering-attenuation contrast. If the latter is denoted as
F (q) the scattering power is
s =
σ(q)
µ(q)
F (q), (23)
F (q) =


e−µ(q)T
f(q)
[
1− e−µ(q)Tf(q)
]
, if 0 ≤ q < 1/√2,
1
f(q)
[
eµ(q)Tf(q) − 1
]
, if 1/
√
2 < q ≤ 1
The geometric factor F (q) is plotted in Fig. 2 for different
values of slab thickness in both transmission and reflection
4FIG. 2: Geometric factor F (q) (case of normal incidence) for differ-
ent values of slab thickness (µT ): (a) transmission geometry, 0.05
≤ µT ≤1.0; (b) reflection geometry, 0.05 ≤ µT ≤1.0; (c) trans-
mission geometry, 1.0 ≤ µT ≤4.0; (d) reflection geometry, 1.0
≤ µT ≤4.0. The maximum value of F (q) (F (0) for transmission
and F (1) for reflection) is monotonically increasing with µT for (a)
(b) and (d) and decreasing for (c).
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geometries. The dependence µ(q) is not considered, which
corresponds to a case where total attenuation is dominated by
isotropic processes. F (q) is the thickness and momentum-
transfer-dependent correction to the scattering power. The
correction is non-negligible in general and of particular impor-
tance in the regime of wide angle scattering for µT >∼ 1. F (q)
normalized to its maximum value exhibits different shapes
with variation in µT (see Appendix A).
In the transmission geometry the geometric factor F (q) at-
tains its maximum values e−1 in the regime of small angle
scattering (q ≈ 0). In the reflection geometry F (q) attains its
maximum value 1/2 at backscattering (q = 1) for an infinitely
thick slab converging to this value rapidly for µT >∼ 2 (see
Fig.2(d)).
Analysis in the more general case of arbitrary angle of in-
cidence is given in Appendix B. Increase in F (q) beyond the
limiting values e−1 and 1/2 can be obtained by choice of α.
This can lead to an enhancement in the measured scattered
intensity as long as the scattering geometry remains practical
and the resulting scattered beam is fully intercepted by the
detector.
VI. ON THE SCATTERING-ATTENUATION CONTRAST
For the special cases discussed above, small angle scatter-
ing and backscattering, the variation in the geometric factor
with q can be neglected. The optimal scattering power is de-
fined only by the scattering-attenuation contrast. It is informa-
tive to explore dependence of the scattering-attenuation con-
trast on the photon energy. The contrast is plotted in Fig.VI for
several representative compounds using values of the scatter-
ing and attenuation cross sections taken fromXCOM database
[10]. The solid curves represent coherent (elastic) scattering
and the dashed curves represent incoherent (inelastic) scatter-
ing. For illustrative purposes it is assumed that the scattering
is isotropic. The focus is on comparison of fractions of coher-
ently and incoherently scattered intensity, which gives an in-
sight on the optimal choice of photon energy in non-resonant
X-ray scattering experiments.
FIG. 3: Scattering-attenuation contrast σ(E)/µ(E) using XCOM
database for selected compounds. Solid lines correspond to coherent
(elastic) scattering and dashed lines correspond to incoherent (inelas-
tic) scattering.
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For compounds of low atomic numbers such as carbon and
water the elastic component dominates up to about 10-15 keV
(as shown in Fig.VI). Above these popular energies the en-
hancement in inelastic scattering is rather significant, which
makes selective detection of elastic scattering more difficult.
If, however, inelastic scattering is suppressed using energy
discrimination, the elastic component is maximized at pho-
ton energies of about 20-30 keV. For high-Z compounds (Fe
and Au shown in Fig.VI) the scattering-attenuation contrasts
are monotonically increasing with photon energy (aside from
transitions due to the photoabsorption edges). For Fe the
5inelastic component begins to dominate at ≈ 50 keV while
for Au the elastic component remains dominant up to 100
keV and beyond. It is clear that for all compounds inelas-
tic scattering experiments should benefit from the choice of
higher photon energies due to enhancement in the correspond-
ing scattering-attenuation contrast (shown by the dashed lines
in Fig.VI).
It should be noted that in the practical range of photon
energies considered here (up to 100 keV) the scattering-
attenuation contrast for elastic X-ray scattering remains small
for either low-Z or high-Z compounds (σ/µ <∼ 0.2). On the
contrary, the scattering-attenuation contrast for inelastic X-ray
scattering from low-Z materials gradually approaches unity at
higher photon energies, thus violating the approximation of
negligible multiple scattering. Finally, it is noted that practical
calculation of scattered intensity measured in an experiment
should include considerations of the scattering cross section
of interest (from which σ(q) is derived), polarization effects
and detector/analyzer acceptances.
VII. CONCLUSIONS
In conclusion, X-ray scattering power of a plane parallel
homogeneous slab of material was derived using radiation
transfer considerations. Arbitrary angles of incidence and
emergence were considered using an analogy with reflection
geometry of an asymmetric crystal. In the case of small angle
scattering in transmission through the slab the expressions are
reduced to the well known ”rule of thumb” where the optimal
sample thickness is inversely proportional to the total attenua-
tion coefficient. In the general case, the parallel slab geometry
yields direction-dependent corrections to scattered intensity.
These corrections are essential in the regime of wide-angle
scattering for samples with thickness approximately equal to
or greater than the optimal thickness. The correction was for-
mulated as momentum transfer-dependent geometric factor.
The scattering power is described as the product of the pho-
ton energy-dependent scattering-attenuation contrast and the
derived geometric factor. The dependence of the scattering-
attenuation contrast on the photon energy was explored for
both elastic and inelastic scattering, assuming isotropic pro-
cesses for simplicity. The results can be used in finding opti-
mal experimental conditions to enhance weak scattering (both
elastic and inelastic) of interest for samples with plane parallel
slab geometry.
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Appendix A: Case of normal incidence (γ0 = 1):
Normalized geometric factor F (q).
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
F(
q)
Transmission
μμ = 0.05
μμ = 0.1
μμ = 0.2
μμ = 0.3
μμ = 0.5
μμ = 1.0
0.70 0.75 0.80 0.85 0.90 0.95 1.00
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
Reflection
μμ = 0.05
μμ = 0.1
μμ = 0.2
μμ = 0.3
μμ = 0.5
μμ = 1.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
q
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
F(
q)
μμ = 1.0
μμ = 1.5
μμ = 2.0
μμ = 3.0
μμ = 4.0
0.70 0.75 0.80 0.85 0.90 0.95 1.00
q
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
μμ = 1.0
μμ = 1.5
μμ = 2.0
μμ = 3.0
μμ = 4.0
(a) (b)
(c) (d)
FIG. 4: Geometric factor F (q) normalized by its maximum value
(normal incidence) plotted for different values of slab thickness
(µT ): (a) transmission geometry, 0.05 ≤ µT ≤1.0; (b) reflec-
tion geometry, 0.05 ≤ µT ≤1.0; (c) transmission geometry, 1.0
≤ µT ≤4.0; (d) reflection geometry, 1.0 ≤ µT ≤4.0. The maxi-
mum value of F (q) (F (0) for transmission and F (1) for reflection)
is monotonically increasing with µT for (a) (b) and (d) and decreas-
ing for (c).
Appendix B: Dependence on the momentum transfer for
X-rays: arbitrary angle of incidence
For the more general case of arbitrary angle of incidence the
geometric factor F (q) can be obtained as follows. The asym-
metry ratio b = γ0/γs can be expressed in terms of incidence
angle α (γ0 = cosα) and the scattering angle θ:
b =
cosα
cos(θ ± α) (B1)
The ± sign defines two possible scattering branches. They
are shown in Fig. 5(a) and 5(b) for the transmission and re-
flection geometry, respectively. The beam marked by the cyan
color corresponds to the upper (”+”) sign in Eq. (B1) and the
beam marked by the magenta color corresponds to the lower
sign.
Using the reduced momentum transfer q = Q2k0 = sin(θ/2)
expansion of the denominator of Eq.(B1) yields:
γs = (1− 2q2) cosα∓
√
1− (1− 2q2)2 sinα (B2)
6n
(a)
n
(b)
FIG. 5: Two possible scattering branches shown in (a) transmission
geometry and (b) reflection geometry. The incident beam is shown
with dark red color.
The expression for the geometric factor F (q) given by
Eqs. (23) remains valid if µT is replaced with µT/γ0 and the
function f(q) becomes:
f(q) =
2q(q ±
√
1− q2) tanα
1− 2q2 ∓ 2q
√
1− q2 tanα
(B3)
For the case µT/γ0 = 1 the geometric factor for the trans-
mission and reflection geometries is shown in Fig.6 for sev-
eral different values of the incidence angle α (color coded as
shown in the Figure legend). One of the scattering branches
is shown with solid lines and the other - with dashed lines.
Obviously, the two merge for α = 0o.
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FIG. 6: Geometric factor F (q) for µT/γ0 = 1 plotted using several
different values of the incidence angle 0o ≤ α < 90o: (a) trans-
mission scattering geometry, and (b) reflection scattering geometry.
The geometric factors corresponding to the two distinct scattering
branches are shown with either solid or dashed lines.
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